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the beam. The assumed displacement field over the domain of the
beam is
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Introduction

CLASSICAL lamination theory (CLT) can often be used to ac-
curately predict the stress distribution in beams fabricated from

composite materials. However, when the beam is short or when it
contains shear soft materials, nonclassical effects such as transverse
shear deformation must be considered. One group of beam models
that account for transverse shear deformation is known as smeared
laminate models (SLMs). SLMs assume a form of the displace-
ment field through the entire thickness of the beam and result in
a set of equivalent properties (like the [A], [B], and [D] matrices
in CLT) that are used to determine the gross behavior of the beam
(e.g., deflection and natural frequency). SLMs that have been pre-
sented in the literature lead to constant shear strain, quadratic shear
strain, constant shear stress, and quadratic shear stress.1'6 The limi-
tation of smeared laminate models, when applied to general laminate
configurations, is the inherent assumption about the stress distribu-
tion that follows from the assumption of the displacement field. If
the assumed stress distribution is not representative of the actual
stress field, then the smeared laminate model can be significantly in
error.

The first SLM that could accurately predict the stress distribution
in general laminates was presented by Vijayakumar and Krishna
Murty.7 The authors used an iterative process to successively refine
the estimate of the stress/strain field in the laminate. Vijayakumar
and Krishna Murty's method produced excellent results when com-
pared with exact solutions. The present SLM is also an iterative
method, but unlike Vijayakumar and Kirshna Murty's method, the
present model uses the assumed displacement approach of a tradi-
tional SLM.

Basic Theory
Consider a beam in which x and u are the in-plane coordinate

and displacement, z and w are the transverse coordinate and dis-
placement, and hu and hi locate the upper and lower surfaces of
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u(x, z) = UQ(X) -
(1)

w(x,z) = w(x)
The first two terms in the in-plane displacement expression define
the CLT displacement field for a beam. The last term, f(z)g(x), can
be thought of as a correction to account for transverse shear effects.
The function f(z) represents the shape of the correction through the
thickness, whereas g(x) determines its distribution along the beam.
The goal of the iterative process is the determination of the function
f(z) that makes the stresses and strains self-consistent.

The strain field provides more insight into the nature of the
function f ( z ) . Applying the linear strain-displacement relations to
Eq. (1) yields

du 8u0 82w
, Z) = —— = —— - z——-

dx dx dx2

du dw 8
dx (2)

From Eq. (2), it can be seen that the gradient df/dz represents the
shape of the shear strain field through the thickness at a given x lo-
cation. Therefore, if the shape of the shear strain is known, f(z) can
be estimated by integrating the strain through the thickness. In gen-
eral, f(z) has no closed-form solution. In the present formulation,
/(z) is represented numerically as a tabular function.

Static Simply Supported Beams
The present analysis pertains to simply supported beams under a

transverse load of the form

=tfo sin (A;*), k = nn/L (3)

where k is the wave number and n is the number of \ sine waves
along the length of the beam.

Whereas the shear correction / (z) changes from iteration-to itera-
tion, at any given iteration, f(z) is prescribed and can be treated as a
known function. Differential equations of equilibrium and boundary
conditions can be developed like any other SLM. The equilibrium
equations are

(4)

and the simply supported boundary conditions, specified at x = 0
and x = L, are given by

(5)

-K2u»' + K4wiv - K5g'" = q(x)

f
G - K5w" + K6gf = 0

w = 0

-K2u'0 + K4w" - K5gf = 0

The terms K\^ are section stiffness parameters given by

/

hu

E(z)[l,z,/(z),z2,z/(z),/2(z)]dz
(6)

In the present formulation, the integrals are evaluated numerically
using a trapezoidal method.

Functions that satisfy the differential equations and boundary
conditions are

UQ(X) = UQcos(kx), w(x) = WQ sin(kx)
(7)

g(x) = G0cos(kx)
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Substitution of Eqs. (7) into Eqs. (4) leads to a matrix equation for
the coefficients (£/o> Wb» GO):

"K^2 -K2k3

K2k3 K4k4

K3k2 -K5k3

K3k2

-K5k3

(K6k2 + K7)_

' 0 '

0
(8)

Improved Estimate for Shear Correction
The new estimate for the shear correction function f ( z ) is ob-

tained from the shear stress distribution as calculated from the equa-
tion of elemental stress equilibrium,

8z (9)

The normal stress gradient is known from the solution to Eq. (8),
and so the shear gradient is

igi = -E(z)[-k2U0 + k3zW0 - k2f(z)G0] cosflb:) (10)

The shear gradient has a separable form that means the shape of
the gradient through the thickness is the same at each x location.
The shape of the shear stress is then given by

rxz(z) = I -E(z)[-k2U0 + k3zW0 - k2f(z)G0] dz (11)
Jh[

The shape of the shear strain distribution is derived using the con-
stitutive relation

T«(Z)

G(z)
(12)

The new estimate of f(z) is obtained by integrating the shear
strain through the thickness

(13)= / YK(z)dz + F0
hi

where the constant FQ ensures that f ( z = 0) = 0. As with the other
section integrals, Eq. (13) is evaluated numerically using a trape-
zoidal method. The new estimate of f ( z ) is used as the shear correc-
tion in the next iteration. The solution steps for subsequent iterations
are identical.

The present analysis uses the first-order shear deformation theory
displacement field [f(z) = z] for the first iteration; however, almost
any reasonable displacement assumption can be used.

Results: Comparison to Exact Solutions
Pagano8 presented a set of exact elasticity solutions for simply

supported cross-ply laminates in cylindrical bending under sinu-
soidal transverse load. The iterative SLM (ISLM) was compared
with Pagano's solution for case 3 (0, 90, 0). Zapfe9 presents results
for additional cases as well as a detailed examination of convergence
and computational speed.

Fig. 2 Pagano case 3: transverse shear stress.
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Fig. 1 Pagano case 3: in-plane normal stress.
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Fig. 3 Pagano case 3: transverse deflection.

Figure 1 shows the in-plane normal stress distribution obtained
using the exact solution, the ISLM, and CLT. The ISLM results
correspond to the solution after 10 iterations. The ISLM stress dis-
tribution matches the exact solution, which is markedly different
from CLT. The transverse shear stress distribution appears in Fig. 2.
The slight variation between the ISLM and exact solution is caused
by transverse normal strain, which is not included in the present it-
erative model. Figure 3 shows the midspan deflection variation with
beam length. The iterative results match the exact solution, and both
solutions tend toward CLT as the beam becomes long and thin.

Conclusion
A smeared laminate beam model has been presented that can ac-

curately predict the stress/strain distribution in general laminated
beams, a capability that has not been previously possible with con-
ventional smeared laminate beam models.
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